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We present three distinct types of models of dark energy in the form of a scalar field which is
explicitly coupled to dark matter. Our construction draws from the pull-back formalism for fluids
and generalises the fluid action to involve couplings to the scalar field. We investigate the cosmology
of each class of model both at the background and linearly perturbed level. We choose a potential
for the scalar field and a specific coupling function for each class of models and we compute the
Cosmic Microwave Background and matter power spectra.
PACS numbers: 95.35.+d, 95.36.+x
I. INTRODUCTION
During the last decade, observational cosmology has
entered an era of unprecedented precision. Measurements
of the cosmic microwave background (CMB) ([1],[2]), the
Hubble constant (H0) [3], the luminosity and distance at
high redshift with supernovae Ia [4], and Baryon Acous-
tic Oscillations (BAO) surveys [5], suggest that our Uni-
verse is currently undergoing a phase of accelerated ex-
pansion. The standard cosmological model, consisting
of dark energy in the form of a cosmological constant
(Λ) together with cold dark matter (CDM) fits all the
available datasets extremely well, but it also suffers from
two fundamental problems, namely the fine-tuning and
coincidence problems.
However, there is plenty of margin left for alternative
explanations for the nature of the dark sector, and many
different approaches have been adopted (see [6] for a re-
view). In particular, the problems associated with the
cosmological constant have led to a plethora of alterna-
tive theories, for example quintessence ([7–9]), in which
the DE component comes in the form of a scalar field
evolving in time. An alternative approach is the modi-
fied gravity scenario, which supports a completely differ-
ent point of view, suggesting that our understanding of
gravity through General Relativity might not be appli-
cable on the largest cosmological scales, i.e. that dark
energy is due to a modification of gravity (see [10] for a
review).
Given that the precise nature of the two dark sectors
is at present unknown, it may be that dark matter and
dark energy have non-zero couplings to each other. This
possibility, which can be used to alleviate the coincidence
problem, has been investigated in a number of cases in
the past. Traditionally dark energy has been modelled
as a scalar field φ. If this field is uncoupled then in order
to be a viable model of dark energy (the primary prop-
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erty of which is to provide for cosmic acceleration) this
field must today have negative pressure. This is equiva-
lent to saying that it’s energy density is potential dom-
inated. If however, this field is coupled to dark matter,
then this may not be necessarily true. Indeed the cou-
pling to dark matter may also induce an effective nega-
tive pressure so that cosmic acceleration occurs even if
the uncoupled field does not by itself have this property.
The Lagrangian of such a coupled system can be written
as
L = −1
2
∂µφ∂µφ− V (φ) −m(φ)ψ¯ψ + Lkin[ψ], (1)
where m(φ) is the mass of the matter fields ψ. If we
define the coupling current Jµ as
Jµ = −∂lnm(φ)
∂φ
ρc∂µφ, (2)
where ρc is the matter energy density, then the Bianchi
identities can be written as
∇νT ν(φ)µ = −Jµ. (3)
If φ is coupled to CDM only, we also have
∇νT ν(c)µ = Jµ, (4)
so that the total stress-energy momentum tensor of the
dark components is conserved. Models of this type have
been thoroughly investigated. Amendola [11] studied
such a coupled quintessence (CQ) model assuming an
exponential potential for V (φ) and a coupling of φ to
the matter sector of the form m(φ) = exp(βcφ), and
investigated its cosmological consequences. He showed
that the system could approach scaling solutions with
Ωφ ≃ 0.7 with an associated accelerated expansion and
he constrained the coupling constant (βc) using CMB
data.
As the form of the coupling is chosen phenomenolog-
ically, there are a rich selection of papers investigating
various interacting dark energy models and their cosmo-
logical implications, for example the effects of coupling
2on the Cosmic Microwave Background (CMB) and mat-
ter power spectra, on Supernovae, the growth of struc-
ture, non-linear perturbations and N-body simulations
(see, e.g. [12–42]). A different class of coupled dark en-
ergy models are those for which the coupling is to neutri-
nos rather than CDM ([43–47]), more precisely by mak-
ing the neutrino mass φ dependent. Several studies have
also addressed the appearance of instabilities in coupled
models (e.g. [48–53]).
In order to make further progress at the phenomeno-
logical level, it is desirable to construct general models
of coupled dark energy. A natural question that arises is
whether the models considered so far saturate the pos-
sibilities. In other words, what is the most general phe-
nomenological model one can construct? As we will show
in this article, the models considered so far are only one
small subset in the space of possibilities. The common
feature of those models is a coupling that involves the
energy density (and sometimes the pressure) of the dark
fluid (whether CDM or neutrinos). However, it is also
possible to couple to the velocity of the fluid as we shall
show below (note that the consequences of a velocity cou-
pling associated with dark matter scattering elastically
with dark energy, leading to pure momentum transfer,
were investigated in [54]).
Our investigation highlights three classes of coupled
models. The first two involve both energy and momen-
tum transfer between the two components of the dark
sector (albeit with distinctively different coupling mech-
anisms), while the third is identified as a pure momentum
transfer model.
In Section II we give a short overview of the pull-back
formalism for a fluid as is used in GR in order to construct
an action from which the dynamics of the fluid are de-
rived. We use this formalism to construct three distinct
general classes (Types) of coupled dark energy models in
Section III, and we derive the field equations of motion.
In Section IV we study the background cosmology for
the three Types of models. In Section V we derive the
perturbed cosmological equations and investigate the ob-
servational implications on the CMB and matter power
spectra for three specific cases (one for each Type). We
conclude in Section VI.
II. THE PULL-BACK FORMALISM FOR
FLUIDS
The coupled models of dark energy investigated in the
past introduce the phenomenological coupling by modi-
fying the field equations. However, it may be desirable to
introduce the coupling at the level of the action. The rea-
son is that when building theories, using an action prin-
ciple is in most cases more intuitive. Although we are
interested in phenomenological models of fluids for the
case of CDM, rather than the actual fundamental field
that may be CDM, using an action principle can provide
better insight as to how such couplings may emerge. We
shall return to this further below.
We need a description of fluids at the level of the ac-
tion. Fortunately such a description has already been for-
mulated and is called the fluid pull-back formalism. The
fluid pull-back (FPB) formalism is a way to construct an
action from which the dynamics of the fluid are derived.
It was formulated independently by Kijowski, Smo´lski
and Go´rnicka [55], by Brown [56] and by Comer and Lan-
glois [57, 58], building on earlier work by Taub [59] and
Carter [60]. The reader is referred to the review of Ander-
sson and Comer [61] for further study. Before embarking
on describing the three coupled models of dark energy,
we first give a short overview of the pull-back formalism
for a fluid as is used in GR.
One of the assumptions regarding perfect fluids is that
collisions do not occur. Or put differently, the time taken
to traverse a distance equal to the mean free path of the
particles comprising the fluid is much larger than the
time for which our description is supposed to hold. In
the case of cosmology, the mean free path of such fluids
corresponds to times longer than many Hubble times.
The absence of collisions means that the trajectories of
particles, called the worldlines, do not intersect. Further-
more, if the distribution of particles is continuous (as it
should be for the fluid description to hold) then the space
of worldlines forms a three-dimensional manifold F . We
may then introduce coordinates on this manifold which
we denote as XI with I = 1 . . . 3. Each point in F de-
notes a unique worldline associated with a distinct par-
ticle, meaning that the XI coordinates may be thought
as particle labels. Since the worldlines cannot intersect
then there can be one and only one particle associated
with each point in F .
The space F is time-less, i.e. each particle has its own
specific label XI for all times. If this were not the case
and it was possible for XI to change as time flows then
it would also be possible for the worldlines to intersect.
This means that the fluid description using the space of
worldlines is the relativistic analogue to the Lagrangian
coordinate system in Newtonian mechanics, i.e. the sys-
tem of coordinates which follows the particles as they
move through space.
A. The 3 + 1 decomposition
In order to describe the fluid using the manifold F we
need to embed it in spacetime M. Since F is three-
dimensional it is in one-to-one correspondence with a
three-dimensional spacelike surface St at some particular
time t. However, we have an infinite number of surfaces
St, one for each t.
Consider a surface S0 at time t0 and a timelike vector
field Nµ which can be chosen to be normal to S0. By
using the integral curves of Nµ parameterized by t, we
can then foliate M by associating a surface St normal
to Nµ for each t. What remains is to associate each St
to F . This is done with the help of a map hI : St →
3F , where the index I is to take into account the fact
that the two spaces involved are three-dimensional. If
xµ = {t, xi} (with i = 1 . . . 3) are coordinates on M,
then under the map hI we have that XI = hI(t, xi). In
other words, we have an infinite number of maps labelled
by t, which map the points of each St to F . For each
t the mapping is one-to-one. Although the points in F
are fixed, motion is perceived through the embedding of
F in M. In other words, the maps hI(t, xi) map the
same point at coordinates XI to a point xi inM and by
stacking together all mappings for all t in a continuous
way we have the appearance of motion of the particles
in spacetime. This is shown in Fig. 1. From the M
perspective, the maps hI(t, xi) form a set of three scalar
fields.
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FIG. 1: The embedding of the three-dimensional (timeless)
matter space F to fluid-element worldlines in space-time M.
The maps hI(t, xi) map the same point at coordinates XI to
a point xi in M. The motion of particles in space-time is
constructed by stacking all mappings for all times t.
Now even at fixed t the choice of St is not unique but
depends on the choice of a timelike vector field Nµ to
which St is normal to. There is one particular choice for
Nµ which is the 4-velocity of the fluid particles, uµ, and
without loss of generality we shall make this choice hence
forth.
The fluid velocity obeys uµuµ = −1 and we can use it
to define a metric qµν on the hypersurface St as
qµν = uµuν + gµν . (5)
The tensor qµν is also a projector, i.e. it obeys qµαq
α
ν =
qµν . Furthermore we have that qµαq
αν = q νµ = uµu
ν +
δ νµ and q
µ
µ = 3. Note that indices are raised and lowered
using the metric gµν .
Any tensor can be projected onto parts parallel to uµ
and parts orthogonal to it via q νµ . For instance, con-
sider the completely anti-symmetric tensor ǫµναβ defined
by ǫµναβ =
√−g ηµναβ where g is the metric determi-
nant and ηµναβ is the Levi-Civita anti-symmetric tensor
density so that η0123 = −1 in all coordinate systems. We
find ǫµναβ = −uµuρǫρναβ + q ρµ ǫρναβ and repeating the
procedure on the 2nd term (and so on) we finally get
ǫµναβ = −uµǫναβ + uνǫµαβ − uαǫµνβ + uβǫµνα, (6)
where
ǫµνλ = u
ρǫρµνλ. (7)
The last relation can be inverted to give
uρ =
1
6
ǫµνλǫ
µνλρ. (8)
The tensor ǫµνλ is completely antisymmetric and is re-
lated to the 3-dimensional Levi-Civita tensor density δijk
as ǫijk =
√
q δijk where q is the 3-metric determinant and
δ123 = 1 in all coordinate systems.
Nothing discussed so far permits us to uniquely con-
struct the tensors uµ, qµν and ǫµνλ. Their construction
involves knowledge about the fluid and as we shall see
further below, the fundamental variable from which these
tensors are derived is the dual fluid number density ten-
sor on F , n˜IJK . It is therefore not allowed to use the
relations (7) and (8) to obtain the variations δuρ and
δǫµνλ.
4B. Pullbacks and pushforwards for metrics, volume
forms and connections
So far we have considered tensors on the spacetime
manifold M. However, we also have tensors defined
on the fluid manifold F . For instance, the fluid mani-
fold may also have a metric q˜IJ , or a completely anti-
symmetric tensor ǫ˜IJK =
√
q˜ δIJK playing the role of a
volume form, where q˜ is the determinant of q˜IJ .
Tensors on F are related to tensors on St and by ex-
tension along the integral curves of uµ to the whole of
M. This is achieved through the maps hI(t, xi) via the
pull-back and push-forward operations (hence the name
for this formalism). More specifically we can pull-back
covariant vector fields (forms) from F to M and push-
forward contravariant vector fields fromM to F with the
help of
h Iµ = ∇µhI . (9)
This is remiscent of coordinate transformations, in fact
if M and F had the same dimensionality and the map
was invertible then it reduces exactly to a coordinate
transformation. With the help of (9) we pull-back a form
from v˜I on F to a form vµ on M as
vµ = h
I
µ v˜I (10)
and push-forward a vector field vµ from M to a vector
field v˜I on F as
v˜I = h Iµ v
µ. (11)
We can apply the formalism above to q˜IJ and ǫ˜IJK
and relate them to qµν and ǫαµν as
qµν = h
I
µ h
J
ν q˜IJ (12)
and
ǫαµν = h
I
α h
J
µ h
K
ν ǫ˜IJK (13)
respectively. Clearly, a geometry on F induces a geome-
try on St.
Let’s now make things more interesting. We consider
connections. Given gµν we define the connection ∇µ,
s.t. ∇µgαβ = 0, and associated Christoffel symbol Γαµν .
Likewise on F we define a connection (q˜)∇I with associ-
ated Christoffel symbol Γ˜KIJ . The pull-back maps (9) can
then be used to relate the action of the two connections
on forms on each corresponding space. In particular for
scalars we have
∇µφ = h Iµ (q˜)∇I φ˜ (14)
and on a form
∇µTν = h Iµ h Jν (q˜)∇I T˜J . (15)
The Christoffel symbols are also related. From the above
equation a straightforward calculation gives
h Kλ Γ
λ
µν = h
I
µ h
J
ν Γ˜
K
IJ + ∂µh
K
ν . (16)
The above relation is a generalization of the usual trans-
formation law of Christoffel symbols under coordinate
transformations, only here it is valid even if the dimen-
sionality of the two spaces involved is different.
C. The relativistic fluid
1. Kinematical setup
We can now proceed to fluids. Consider the fluid space
F whose points denote particles for all time (worldlines).
The density of points of the fluid space should then be
related to the particle number density in some sense. In-
deed, we can define a tensor n˜IJK called the dual number
density, which measures the number of particles within a
region. The total number of particles is then given by
N =
∫
n˜IJKdX
I ∧ dXJ ∧ dXK . (17)
The corresponding tensor in spacetime is given by the
pull-back of n˜IJK
nµνλ = n˜IJKh
I
µ h
J
ν h
K
λ (18)
from which, in turn, we can get the particle number den-
sity n as
n =
1
6
nµνλnµνλ. (19)
The number of particles can be obtained directly from
spacetime as N =
∫
nµνλdx
µ ∧ dxν ∧ dxλ.
We further define a number density current nµ as the
dual of nµνλ as
nρ =
1
6
nµνλǫ
µνλρ (20)
so that n2 = −nµnµ. Thus nµ is timelike, and normaliz-
ing it defines the fluid velocity uµ as
uρ =
nρ
n
=
1
6n
nµνλǫ
µνλρ. (21)
The push-forward of nµ on the matter space vanishes,
i.e. n˜I = h Iµ n
µ = 0. The (20) relation can be inverted
so that
nµνλ = n
ρǫρµνλ. (22)
Eq. (21) uniquely defines the fluid velocity in terms of the
fluid number density n and dual number density nµνλ.
Having obtained uµ via (21) we can then use (5) to get the
three metric qµν (and then push-forward q
µν to get q˜IJ
on the matter space). We can also obtain ǫ˜IJK =
1
n n˜IJK
and pull-back it to spacetime to get ǫµνλ. Alternatively
the tensor ǫµνλ can also be obtained via (7) once u
µ is
defined by (21).
52. The adiabatic fluid action and variations
We are now ready to discuss the dynamics of fluids as
they are derived from an action. The dynamical variables
are the spacetime metric and the fluid coordinates XI
on F which from the spacetime perspective are the maps
hI(xµ) which may be considered as three scalar fields.
As we have seen in the last subsection, the quantity of
interest which depends onXI is the number density n˜ (or
n from the spacetime perspective). Therefore, the action
for General Relativity coupled to an adiabatic fluid is
taken to be
S =
1
16πG
∫
d4x
√−gR−
∫
d4x
√−gf(n), (23)
where f(n) is an arbitrary function. We shall further see
below that the equation of state and its speed of sound
is determined entirely by the form of f . Specifically, for
pressureless matter f is proportional to the number den-
sity: f = f0n.
The field equations are obtained via a variational prin-
ciple. For brevity let us define
δXI = yI , (24)
a definition which will be useful when we discuss cosmo-
logical perturbation theory. Furthermore, we will find
it useful to work with yµ which is related to yI by
yI = h Iµ y
µ.
Since δf = dfdnδn we need the variation of the number
density n. To find that we need the variation of nµνλ
which from (18) is given by
δnµνλ = (∂˜Ln˜IJK)h
I
µ h
J
ν h
K
λ y
L + n˜IJK
[
h Jν h
K
λ ∇µyI
+h Iµ h
K
λ ∇νyJ + h Iµ h Jν ∇λyK
]
. (25)
The above expression may look non-covariant as it con-
tains partial derivatives. But as we now show, it is. Since
∇µyI = h Iν ∇µyν + yν∇µh Iν and using (16) we find
(∂˜Ln˜IJK)h
I
µ h
J
ν h
K
λ y
L = yρ
[
∇ρnµνλ
−n˜PJKh Jν h Kλ ∇µh Pρ − n˜IPKh Iµ h Kλ ∇νh Pρ
−n˜IJPh Iµ h Jν ∇λh Pρ
]
. (26)
So combining (25) and (26) we get the simple relation
δnµνλ = L
y
nµνλ, (27)
where L
y
is the Lie derivative along yµ. In fact the
last relation is very useful and we shall use it hence
forth. To find δn is now straightforward. We use
δn = 112nδ(n
µνλnµνλ) to get
δn = yµ∇µn+ n
[
q µν ∇µyν +
1
2
qµνδg
µν
]
. (28)
Although, δuµ is not needed to derive the field equations
in the case of GR, we derive it here for completeness as it
will be needed when we couple the fluid to a scalar field.
We use (21) to get
δuρ = −1
2
uρuµuνδg
µν + yµ∇µuρ − uµq ρν ∇µyν . (29)
3. The fluid equations
Using (28) it is straightforward to find the fluid equa-
tions. The Einstein equations Gµν = 8πGTµν are ob-
tained as usual by varying with the metric, and the stress-
energy tensor Tµν is given by
Tµν = (ρ+ P )uµuν + Pgµν , (30)
where ρ is the density and P the pressure. From the
variation of the fluid action and using (28) we can match
ρ and P to the fluid function f(n) as
ρ = f (31)
and
P = n
df
dn
− f. (32)
Since we see that the speed of sound of the fluid is given
by
C2s =
δP
δρ
= C2a =
dP
dρ
= n
fnn
fn
, (33)
where fn =
∂f
∂n and fnn =
∂2f
∂n2 , it is clear that the fluid
we have been considering so far is adiabatic. We shall
use this notation for the rest of the paper so that for a
function F (Y, Z, . . .) we have FY =
∂F
∂Y and FY Z =
∂2F
∂Y ∂Z
and so on.
Varying with respect to XI the field equations for the
fluid are obtained as
df
dn
∇µn−∇ν
(
n
df
dn
q νµ
)
= 0.
The above equation can be put in a more familiar form.
We use (31) and (32) as well as dfdn∇µn = ∇µρ and then
project the resulting equation along uµ and orthogonal
to uµ to get the energy conservation equation
uν∇νρ+ (ρ+ P )∇νuν = 0 (34)
and momentum transfer equation
q νµ ∇νP + (ρ+ P )uν∇νuµ = 0. (35)
Interestingly, the fluid coordinates XI and number den-
sity n do not appear in the above equations and are no
longer needed.
6III. GENERIC MODELS FOR COUPLED
FLUIDS
A. Construction
We now construct a model where the adiabatic fluid
described in the previous section is explicitly coupled to
a scalar field φ which will play the role of dark energy.
The most general action formed from the fluid variable
XI through the pull-back h Iµ , as well as the scalar field
φ and its derivative
φµ ≡ ∇µφ (36)
is
S =
1
16πG
∫
d4x
√−gR−
∫
d4x
√−gL(h Iµ , φ, φµ).
(37)
We need the most general form for L(h Iµ , φ, φµ). Since
we must have a tensor with I-indices to contract with h Iµ
and since L must reduce to the GR case if φ is absent,
then the only dependence of L on h Iµ must come through
nµνλ and therefore from (21) also u
µ. Therefore we can
write
L = L(nµνλ, u
µ, φ, φµ). (38)
Next we need to form invariants of the tensors nµνλ, u
µ, φ
and∇µφ. Clearly we have as before the invariant n which
once again plays the role of the fluid number density. But
we have also other invariants, namely
Y =
1
2
φµφ
µ (39)
which can be used to construct a kinetic term for φ and
Z = uµφµ (40)
which plays the role of a direct coupling of the fluid ve-
locity to the gradient of the scalar field. Since nµνλ is
completely antisymmetric any contraction of it with gµν
or ∇µφ∇νφ vanishes. There may be combinations in-
volving 2nd derivatives of the metric, XI or φ which for
miraculous reasons give 2nd order field equations as in
the case of Horndeski theory, but we ignore this possibil-
ity for now. Therefore our final functional form is
L = L(n, Y, Z, φ). (41)
It is clear that ordinary GR with a quintessence field
and a fluid is described by L = Y + V (φ) + f(n) while
k-essence is described by L = F (Y, φ) + f(n).
The above entity we have constructed is still fairly gen-
eral. In particular we cannot split it into a scalar field
part and a fluid part which are then coupled, without fur-
ther assumptions. We shall proceed to do that shortly.
B. Field equations for the generic fluid
To get the field equations we proceed as in the case of
ordinary relativistic fluid. We have δL = Lnδn+Lφδφ+
LY δY + LZδZ where
δY =
1
2
φµφνδg
µν + φµ∇µδφ (42)
and
δZ = φµδu
µ + uµ∇µδφ. (43)
Varying with φ we find the scalar field equations as
∇µ (LY φµ + LZuµ)− Lφ = 0. (44)
Varying with gµν we get the Einstein equations to be once
again Gµν = 8πGTµν where the total energy-momentum
tensor is
Tµν = LY φµφν+(nLn−ZLZ)uµuν+(nLn−L)gµν . (45)
Finally varying with XI we find the evolution equation
for the number density n as
−n∇µLn +∇ν [(ZLZ − nLn)uµuν + LZφµuν ]
+LZφρ∇µuρ = 0. (46)
Contracting with uµ we find the conservation law
∇µ (nuµ) = ∇µnµ = 0 (47)
which when used in (46) gives the purely spatial equation
−nDµLn + LZDµZ + (ZLZ − nLn)uν∇νuµ
+φ˜µ∇ν (LZuν) = 0, (48)
with Dµ = q
ν
µ∇ν and φ˜µ = qνµ∇νφ. Our system com-
prises of two scalars, n and φ whose evolutions are com-
pletely determined via (44), (47) and (48) provided the
function L is given.
As we have already stressed, we cannot in general sep-
arate out a field and a fluid: we are dealing with a single
entity. Problems such as this have been discussed in [62].
We may proceed, however, to do that under further as-
sumptions. In particular we will consider three types
of models. Type-1 models are those for which there is
no Z dependence and furthermore the function L can
be separated as L = F (Y, φ) + f(n, φ). In both Type-
2 and Type-3 models the function L has Z dependence
and the difference between the two is how this Z de-
pendence appears. For Type-2, L can be separated as
L = F (Y, φ) + f(n, Z) while for Type-3 the separation
is as L = F (Y, Z, φ) + f(n). We now proceed to reduce
the general equations above for each of the three types of
models and in the process eliminate the variable n and
instead describe the fluid evolution in terms of an energy
density ρ and pressure P .
71. Type-1 coupled dark matter to a dark energy scalar field
Type-1 models, are classified via
L(n, Y, Z, φ) = F (Y, φ) + g(n)eα(φ), (49)
where we have set f(n, φ) = g(n)eα(φ). This later condi-
tion of separability of f is not needed in order to simplify
the field equations, but is needed in order to be able to
solve them uniquely without resorting to the variable n.
These types of models describe a K-essence scalar field
coupled to matter. By further choosing F = Y + V (φ),
we can also describe coupled quintessence models.
The fact that we can separate the function L in this
way allows us to separate the general energy-momentum
tensor (45) into an energy-momentum tensor for φ as
T (φ)µν = FY φµφν − Fgµν (50)
and an energy-momentum tensor for the fluid given by
(30) with ρ and P identified as
ρ = f (51)
and
P = nfn − f (52)
so that ρ+P = nfn. The scalar field energy density ρ
(φ)
and pressure P (φ) are read-off from (50) as
ρ(φ) = Z2FY + F (53)
and
P (φ) =
1
3
FY (Z
2 + 2Y )− F. (54)
We now proceed to simplify the field equations for this
type of coupled models. The scalar field equation (44)
becomes
∇µ (FY φµ)− Fφ = ραφ, (55)
while the fluid equation (48) gives
DµP + (ρ+ P )u
ν∇νuµ = −ραφφ˜µ. (56)
The evolution of the fluid density ρ is found from the
conservation equation (47) as
uµ∇µρ+ (ρ+ P )∇µuµ = Zραφ. (57)
Finally, let us calculate the coupling current Jµ =
−∇νT ν(φ) µ. From (50) and using (55) we find
Jµ = −ραφφµ. (58)
2. Type-2 coupled dark matter to a dark energy scalar field
Type-2 models are classified via
L(n, Y, Z, φ) = F (Y, φ) + f(n, Z). (59)
In these type of models, the energy-momentum tensor
of the scalar field is given by (50) as in the Type-1 case
while the energy-momentum of the fluid is again given
by (30). However, unlike the Type-1 case, the energy
density ρ of the fluid is now identified with
ρ = f − ZfZ , (60)
while the pressure P is still given by (52). In the case
that the scalar is coupled to CDM (P = 0), the pressure
equation (52) can be solved to give f = nh(Z). Since
we are only interested in the P = 0 case we shall use
this functional form for f in this type of coupled model.
Furthermore, for reasons that will become clear, rather
than using h(Z) we introduce a new coupling function
β(Z) so that
h(Z) = e
∫
dZ β
1+Zβ . (61)
Once again, since we have F (Y, φ) these types of models
describe a K-essence scalar field coupled to matter and
by further choosing F = Y +V (φ), we can also reduce it
to coupled quintessence models.
Let us now proceed to the field equations. The scalar
field equation (44) for these type of models simplifies to
∇µ (FY φµ)− Fφ = −∇µ (ρβuµ) . (62)
By computing uµ∇µρ using (60) and then using the con-
servation equation (47) we find the evolution equation for
the energy density of the fluid as
uµ∇µρ+ ρ∇µuµ = −Z∇µ (ρβuµ) . (63)
The last field equation is the momentum transfer equa-
tion for the fluid (48) which reduces for this type of mod-
els to
ρuν∇νuµ = ∇ρ (ρβuρ) φ˜µ. (64)
The equations (62), (63) and (64) still need some pro-
cessing. In particular (62) should be solved in terms of
a φ¨ term and should not contain uµ∇µρ terms and simi-
larly for the other two equations. Starting from (63) we
can rearrange it so that it be comes
uµ∇µρ+ ρ∇µuµ = − ZρβZ
1 + Zβ
uµ∇µZ (65)
from which we find
∇µ (ρβuµ) = ρβZ
1 + Zβ
uµ∇µZ. (66)
8Using (66) into (64) we find
uν∇νuµ = βZu
ν∇νZ
1 + Zβ
φ˜µ. (67)
Let us now proceed to the scalar equation (62). We
need
φ = −uµ∇µZ + (uµ∇µuν)φ˜ν + qµν∇µφν (68)
and also φµ∇µY . Using equation (66) the latter gives
φµ∇µY = Z2uµ∇µZ − Zφ˜µ∇µZ − Zφµφν∇µuν
+φµφν∇µφ˜ν . (69)
Then the scalar equation (62) becomes[
−FY + Z2FY Y + (FY φ˜ν φ˜
ν + ρ)βZ
1 + Zβ
]
uµ∇µZ
+FY Y φ
µφν
(
∇µφ˜ν − Z∇µuν
)
+ FY q
µν∇µφν
−ZFY Y φ˜µDµZ + 2Y FY φ − Fφ = 0. (70)
Eq. (65), (70) and (67) are the final set of equations we
need. Finally, the coupling current Jµ is found to be
Jµ = ∇ν (ρβuν)φµ. (71)
Our choice to parameterize h(Z) in terms of an integral
over a new function β(Z) now becomes clear through the
simplicity of the above equations.
3. Type-3 coupled dark matter to a dark energy scalar field
Our third and final class of models is defined by
L(n, Y, Z, φ) = F (Y, Z, φ) + f(n). (72)
This also allows us to separate the energy-momentum
tensor for φ from the energy-momentum tensor of the
fluid so that
T (φ)µν = FY φµφν − Fgµν − ZFZuµuν (73)
giving the field energy density as
ρ(φ) = Z2FY − ZFZ + F (74)
while the pressure is as before given by (54). The energy-
momentum tensor of the fluid is given again by (30)
where the energy density and pressure are identified with
f using (31) and (32).
Proceeding to the field equations, the scalar field equa-
tion (44) simplifies to
∇µ (FY φµ + FZuµ)− Fφ = 0. (75)
Using the conservation equation (47) we find that the
energy-density ρ of the fluid evolves as in the standard
case with (34) while the momentum-transfer equation
(48) becomes
DνP + (ρ+ P − ZFZ)uβ∇βuµ = ∇β
(
FZu
β
)
φ˜µ
+FZDµZ. (76)
Finally, the coupling current Jµ is found to be
Jµ = ∇ν (FZuν) φ˜µ + FZDµZ + ZFZuν∇νuµ. (77)
Having the required field equations at hand we now pro-
ceed to apply them to cosmology. For simplicity we shall
only consider the case of coupled quintessence, although
in a follow up paper we will discuss more general cases.
IV. COSMOLOGY
A. Cosmological equations
To study cosmology and in particular the observational
effects of the coupled models on the Cosmic Microwave
Background and Large Scale Structure, we consider lin-
ear perturbations about the FRW spacetime. As is com-
mon, we choose the synchronous gauge so that the metric
is
ds2 = −a2dτ2 + a2
[
(1 +
1
3
h)γij +Dijν
]
dxidxj ,(78)
where τ is the conformal time, ~∇k is the covariant deriva-
tive associated with γij , i.e. ~∇kγij = 0 and Dij is the
traceless derivative operator Dij = ~∇i~∇j − 13 ~∇2γij . The
unit-timelike vector field uµ is perturbed as
uµ = a(1, ~∇iθ). (79)
A dot is derivative with respect to conformal time: A˙ =
dA
dτ . We will use a ”bar” over a variable to denote it’s
FRW reduction, i.e. ρ¯ is the FRW background energy
density for the fluid.
The Einstein equations for all types of coupling are as
usual given by the Friedman equation
3H2 = 8πGa2
∑
i
ρ¯(i) (80)
at the background level, where H ≡ a˙a . At the perturbed
level we have
h˙ =
1
H
[
8πGa2
∑
i
ρ¯(i)δ(i) + 2k2η
]
(81)
and
η˙ = 4πGa2
∑
i
(
ρ¯(i) + P¯ (i)
)
θ(i), (82)
where δ ≡ δρ/ρ¯ and η = − 16
(
k2ν + h
)
with the label i
running over all fluids including the scalar field. We now
exhibit the field equations for the (coupled) quintessence
field and for CDM for the three types of cases. Let us
note that if no label is placed on either δ or θ, then they
are meant to refer to the CDM fluid.
91. Type-1
Coupled quintessence in the Type-1 case is described
by the function F = Y + V (φ). We also consider only
the case for which the fluid is CDM so that f = neα(φ).
The scalar field energy density and pressure for this type
are given by
ρ¯(φ) =
1
2
˙¯φ2
a2
+ V (φ) (83)
and
P¯ (φ) =
1
2
˙¯φ2
a2
− V (φ) (84)
for the background FRW.
The scalar field equation (44) in the case of
quintessence simplifies to
¨¯φ+ 2H ˙¯φ+ a2Vφ = −a2ρ¯αφ. (85)
while the evolution of the CDM density ρ¯ is found from
the conservation equation (47) as
˙¯ρ+ 3ρ¯H = ρ¯αφ ˙¯φ (86)
which has a formal solution
ρ¯ =
ρ0
a3
eα(φ). (87)
Note how this no longer falls off as conventional matter
because of the coupling to φ. The fluid equation (48) is
identically satisfied.
The perturbed scalar field energy density ρ(φ) and pres-
sure P (φ) are read-off from (50) with φ = φ¯+ ϕ as
δρ(φ) =
1
a2
˙¯φϕ˙ + Vφϕ (88)
and
δP (φ) =
1
a2
˙¯φϕ˙− Vφϕ, (89)
while the momentum divergence for the scalar field is
θ(φ) =
ϕ
˙¯φ
. (90)
The scalar perturbation ϕ evolves according to
ϕ¨+ 2Hϕ˙+ (k2 + a2Vφφ)ϕ+ 1
2
˙¯φh˙ = −a2αφρ¯δ, (91)
while the coupled CDM equations are found from (47)
and (48) as
δ˙ = −k2θ − 1
2
h˙+ αφϕ˙ (92)
and
θ˙ = −Hθ − αφ ˙¯φ
[
θ − θ(φ)
]
(93)
respectively.
2. Type 2
We consider a coupled quintessence function of the
form F = Y + V (φ) + nh(Z). The scalar field energy
density and pressure are as for the Type-1 case given by
(83) and (84) respectively. The scalar field equation (70)
becomes(
1− ρ¯βZ
1 + Z¯β
)(
¨¯φ−H ˙¯φ
)
+ 3H ˙¯φ+ a2Vφ = 0 (94)
which (assuming 1 + Z¯β − ρ¯βZ 6= 0, then allows us to
find ˙¯Z as
˙¯Z =
3H ˙¯φ/a+ aVφ
1− ρ¯βZ
1+Z¯β
. (95)
Thus the fluid equation (65) gives
˙¯ρ+ 3Hρ¯ = Vφ − 3Z¯H/a
1 + Z¯β − ρ¯βZ
ρ¯βZ
˙¯φ. (96)
At the perturbed level (88), (89) and (90) are valid for
this type of coupled model as for type-1. We find the
perturbed scalar equation from (70) as[
1− ρ¯βZ
1 + Z¯β
]
[ϕ¨−Hϕ˙] +
[
3H− ρ¯ d
dZ
(
βZ
1 + Zβ
)
˙¯Z
]
ϕ˙
+(k2 + a2Vφφ)ϕ+
1
2
˙¯φh˙+
aρ¯βZ
1 + Zβ
˙¯Zδ = 0. (97)
The perturbed CDM equations are found from (66) and
(67) as
δ˙ + k2θ +
1
2
h˙ =
1
a
{
Z¯βZ
1 + Z¯β
(ϕ¨−Hϕ˙)
+
d
dZ
[
ZβZ
1 + Zβ
]
˙¯Zϕ˙
}
(98)
and
θ˙ +Hθ = 1
a2
βZ
˙¯φ
3H ˙¯φ+ a2Vφ
1 + Zβ − ρ¯βZ
[
θ − θ(φ)
]
. (99)
3. Type 3
For the Type-3 case we consider a coupled quintessence
function of the form F = Y +V (φ)+γ(Z). In the Type-3
case with this choice of function, the scalar field energy
density is given by
ρ¯(φ) =
1
2
˙¯φ2
a2
+
˙¯φ
a
γZ + γ + V, (100)
while the pressure is
P¯ (φ) =
1
2
˙¯φ2
a2
− γ − V. (101)
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The scalar field equation becomes
(1− γZZ) ( ¨¯φ−H ˙¯φ) + 3aH
(
γZ − Z¯
)
+ a2Vφ = 0. (102)
The Type-3 case is special in that no coupling appears
at the background level, regarding the fluid equations.
They remain the same as in the uncoupled case. Fur-
thermore, the energy-conservation equation remains un-
coupled even at the linear level. In this sense, Type-3
provides for a pure momentum-transfer coupling up-to
linear order in perturbation theory.
The perturbed scalar field energy density and pressure
are given by
δρ(φ) = −1
a
Z¯(1− γZZ)ϕ˙+ Vφϕ (103)
and
δP (φ) = −1
a
(
Z¯ − γZ
)
ϕ˙− Vφϕ (104)
respectively while its momentum divergence is
θ(φ) =
1
γZ − Z¯
(
1
a
ϕ+ γZθ
)
. (105)
This is one other notable difference from other types of
coupling, namely that θ(φ) depends also on the CDM
momentum divergence θ.
For the choice of F above, the linearized scalar field
equation is found to be
(1− γZZ)(ϕ¨ + 2Hϕ˙)− γZZZ ˙¯Zϕ˙+
(
k2 + a2Vφφ
)
ϕ
+
1
2
( ˙¯φ+ aγZ)h˙+ ak
2γZθ = 0, (106)
while the momentum-transfer equation (48) becomes
θ˙ +Hθ = 1
a
(
ρ¯− Z¯γZ
) [(3HγZ + γZZ ˙¯Z)ϕ+ γZ ϕ˙] .
(107)
B. Results and Discussion
1. Type 1
Using the derived equations for the Type 1 sub case
under consideration, we use a modified version of the
CAMB code [63] to study the effect of the coupling to the
evolution of the background as well as to the CMB tem-
perature and matter power spectra. We have to choose
a specific form for the function α(φ). For simplicity we
choose α(φ) = α0φ, with a0 a constant. We also have to
choose a form for the quintessence potential V (φ). We
will use the single exponential form (1EXP)
V (φ) = V0e
−λφ, (108)
with λ = 1.22. This case has also been studied in [26].
In order to compare the uncoupled α0 = 0 case with
the coupled case we keep the parameter λ of the po-
tential fixed while V0 and the CDM density ρ0 are var-
ied (for a given non-zero α0) such that each cosmology
evolves to the PLANCK cosmological parameter values
[2]. Our initial conditions for the quintessence field are
φi = 10
−4, φ˙i = 0. Note, however, that in this case and
using the 1EXP potential, the same cosmological evolu-
tion is expected for a wide range of initial conditions.
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FIG. 2: The cosmological evolution of the CDM energy den-
sity parameter Ωc for the Type 1 sub case under consideration.
The solid black (dashed red) line is for α0 = 0 (0.15).
In Fig. 2 we show the cosmological evolution of the
CDM energy density parameter Ωc. The solid black line
is for α0 = 0, i.e. the uncoupled case, while the dashed
red line is for a coupling strength α0 = 0.15. We see that
the CDM density is higher at early times for the coupled
case — this means that the matter-radiation equality will
occur earlier in the coupled case.
In Fig. 3, top panel, we show the CMB spectra α0 = 0
(uncoupled case), α0 = 0.15 (coupled case), while in the
bottom panel we plot the fractional differences between
the coupled and uncoupled cases ∆Cℓ = (C
α0=0.15
ℓ −
Cα0=0ℓ )/C
α0=0
ℓ .
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FIG. 3: Comparison between the Type 1 model with coupling
strength α0 = 0.15 (dashed red line) and the uncoupled α0 =
0 (black solid line) model. Top: CMB power spectra. Bottom:
Fractional differences ∆Cℓ.
In Fig. 4 we show the matter power spectra for α0 = 0
(uncoupled case), α0 = 0.15 (coupled case).
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FIG. 4: Comparison of the linear (total) matter power spectra
at z = 0, P0(k) between the Type 1 model with coupling
strength α0 = 0.15 (dashed red line) and the uncoupled α0 =
0 (solid black line) model.
From Fig. 4 we see that the positive coupling affects
the matter power spectrum on small scales — small scale
power is enhanced. That is because we have an energy
transfer from CDM to dark energy (α0
˙¯φ < 0), which
means that there is more dark matter at early times (see
Fig. 2), so evolving each model to the same cosmological
parameters today the epoch of matter-radiation equality
occurs earlier in the coupled model relative to the uncou-
pled one. Only small scale perturbations have time to en-
ter the horizon and grow during the radiation dominated
era, so the turnover in the matter power spectrum hap-
pens on smaller scales. The growth of perturbations in
the coupled model under consideration is enhanced, small
scale power is increased and the value of σ8 is larger.
From Fig. 3 we see that the amplitude on the small
scales CMB temperature power spectrum decreases with
increasing coupling. That is for the same reason as be-
fore, i.e. that the epoch of matter-radiation equality oc-
curs earlier and the small scale anisotropies decrease.
Also note that the locations of the CMB peaks have
shifted towards smaller scales. This effect is strongly
coupling parameter value dependent for a given sub-case.
Here, it is evident with α0 = 0.15, but it would be much
smaller if we had used α0 ∼ 0.1. There is also a visible ef-
fect on the large-scale anisotropies (late ISW effect). For
positive coupling strength the anisotropies on the very
large scales (ℓ < 20) are suppressed — but one should
bare in mind that these scales are greatly affected by
cosmic variance. However, one can deal with this prob-
lem using the cross correlation between CMB tempera-
ture fluctuations and the density of galaxies (see [26] for
details).
2. Type 2
For Type 2 we choose a sub case with β(Z) = β0Z ,
where β0 is a constant parameter so that f ∝ Zβ0/(1−β0).
The potential V (φ) is the 1EXP potential with λ = 1.22,
and each cosmology evolves to the PLANCK cosmolog-
ical parameter values, as before. The background CDM
equation can then be formally solved to give
ρ¯ =
ρ0
a3
Z¯
β0
1−β0 . (109)
We note that since Z¯ = − ˙¯φ/a, ρ¯c depends on the time
derivative ˙¯φ instead of φ¯ itself which is a notable differ-
ence from the Type-1 case.
As before, we use the above equations for the Type 2
sub case under consideration to study the effect of the
coupling to the evolution of the background as well as to
the CMB temperature and matter power spectra. The
specific form of the coupling function for the Type-2 sub
case under consideration suggests that in order to have
meaningful solutions, Z¯ has to be positive throughout
the cosmological evolution. A set of initial conditions
that satisfies this constraint is φi = −0.115, φ˙i = −10−4.
In Fig. 5 we show the cosmological evolution of the
CDM energy density parameter Ωc. The solid black line
is for β0 = 0, i.e. the uncoupled case, while the dashed
red line is for a typical coupling strength β0 = 1/11. The
CDM density is higher for the coupled case relative to the
uncoupled one, practically at all times before converging
to the same value today. Comparing with Fig. 2 for the
Type 1 sub case we see that the effect is much stronger
in the Type 2 model.
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FIG. 5: The cosmological evolution of the CDM energy den-
sity parameter Ωc for the Type 2 sub case under consideration.
The solid black (dashed red) line is for β0 = 0 (1/11).
In Fig. 6 and Fig. 7 we show the CMB and matter
power spectra, respectively for β0 = 0 (uncoupled case),
β0 = 1/11 (coupled case). From Fig. 7 we see that the
small scale power (and, consequently, the value of σ8) is
larger for the coupled case, as expected from the evolu-
tion of the CDM energy density. From Fig. 6 we see that
the suppression of the large-scale anisotropies which arise
from the ISW effect is significant, as is the suppression
of the first peak magnitude. One of the effects of the
coupling on the (small-scale) CMB spectrum is that the
location of the acoustic peaks is shifted towards larger
ℓ. While this effect was evident in the Type-1 case (see
Fig. 3), here it is negligible. As we have already men-
tioned, this effect strongly depends on the value of the
coupling parameter. Moreover, the location of the peaks
is also affected by other cosmological factors. The posi-
tion of the first peak, for example, is characterized by the
shift parameter, which depends on the size of the sound
horizon at decoupling. This depends on the behavior of
the Hubble length 1/H(z), which in turn depends on the
evolution of the quintessence field. In general, the small
scale effects on the CMB power spectrum have a non-
trivial dependence on the cosmology of each model, and
thus are sensitive to both the coupling strength and the
evolution of the quintessence field.
FIG. 6: Comparison between the Type 2 model with coupling
strength β0 = 1/11 (dashed red line) and the uncoupled β0 =
0 (solid black line) model. Top: CMB power spectra. Bottom:
Fractional differences ∆Cℓ.
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FIG. 7: Comparison of the linear (total) matter power spectra
at z = 0, P0(k) between the Type 1 model with coupling
strength β0 = 1/11 (dashed red line) and the uncoupled β0 =
0 (solid black line) model.
3. Type 3
For Type 3 we choose γ(Z) = γ0Z
2 for simplicity.
Defining a new type of metric as g˜µν = gµν + 2γ0u
µuν ,
this function transforms the scalar field action into
Sφ = −
∫
d4x
√−g
[
1
2
g˜µνφµφν + V (φ)
]
→
∫
dt d3xa3
[
1
2
(1− 2γ0)φ˙2 − 1
2
|~∇φ|2 − V (φ)
]
where the arrow denotes working in a frame where the
CDM 3-velocity is zero. Hence, the model is physically
acceptable for γ0 <
1
2 . For γ0 → 1/2 we have a strong
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coupling problem, while for γ0 > 1/2 the kinetic term is
negative, so there is an associated ghost. Introducing the
coupling at the level of the action has therefore helped
us identify pathologies.
In Type 3 theories, the background densities evolve as
in the uncoupled case. For the specific sub case under
consideration we choose γ0 = 0.15 and our initial con-
ditions for the quintessence field are the same as in the
Type-1 sub case, i.e. φi = 10
−4, φ˙i = 0. The potential
V (φ) is the 1EXP potential with λ = 1.22, and each cos-
mology evolves to the PLANCK cosmological parameter
values, as before.
In Fig. 8 we show the evolution of the Hubble parame-
ter H(z) for all three sub cases and the uncoupled model,
together with the expansion history measurements from
Simon et al. (2005) [64].
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FIG. 8: The Hubble parameter versus redshift for the un-
coupled model and the three non-zero coupling sub cases, to-
gether with expansion history measurements.
In Fig. 9 and Fig. 10 we show the CMB and matter
power spectra, respectively, for γ0 = 0 (uncoupled case),
γ0 = 0.15 (coupled case). We see that the relative effect
of the Type 3 coupling is minute in comparison with Type
1 and Type 2 models. This is not surprising, as the Type-
3 case is unique in the sense that there is no coupling
at the background level and the evolution of the CDM
density contrast is the same as in the uncoupled case —
it is a pure momentum-transfer coupling.
FIG. 9: Comparison between the Type 3 model with coupling
strength γ0 = 0.15 (red dashed line) and the uncoupled γ0 = 0
(solid black line) model. Top: CMB power spectra. Bottom:
Fractional differences ∆Cℓ.
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FIG. 10: Comparison of the linear (total) matter power spec-
tra at z = 0, P0(k) between the Type 3 model with coupling
strength γ0 = 0.15 (red dashed line) and the uncoupled γ0 = 0
(solid black line) model.
V. CONCLUSIONS
We have presented a novel method to construct gen-
eral interacting dark energy models, which is inspired by
the pull-back formalism for relativistic fluids. By intro-
ducing the coupling at the level of the action, instead
of the usual phenomenological choice at the level of the
field equations, we have shown that the existing models
in the literature are only specific sub cases that belong
in general classes of coupled dark energy theories. An
advantage of introducing the coupling at the level of the
action is that pathologies (like ghosts and strong coupling
problems) can be easily identified.
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Using our formalism we have constructed three dis-
tinct general classes of models of dark energy in the form
of a scalar field which is then explicitly coupled to dark
matter. We then studied specific sub cases by choosing
a form for the quintessence potential and the coupling
function. Our choices for the coupling were specifically
chosen so that we could clearly demonstrate its effect in
the expansion history of the Universe, as well as in the
CMB and matter power spectra. For the Type-1 sub
case we considered, the value of the coupling constant
α0 is already constrained to be < 0.1 (see, for example,
[11, 26]). We plan to present constraints for the Type-2
and Type-3 sub cases in a future publication. Observa-
tionally, the most interesting theory seems to be Type-3,
which appears to be able to mimic the uncoupled case
for a wider range of coupling values than the other two
Types.
However, we should keep in mind that these models de-
pend on a few free parameters, one of which is the form
of the quintessence potential V (φ). We have studied the
same sub cases using the double exponential (2EXP) po-
tential. For the Type-1 sub case, the effect of the positive
coupling constant on the CMB and matter power spectra
is very similar to the one using the 1EXP potential on
small scales, but we see a slight increase on the late-ISW
effect, instead of a suppression. The Type-2 behavior
using the 2EXP potential is very different than the one
using the 1EXP, since the former can very well mimic
the uncoupled case up to an order 0.1 coupling. Type
3 exhibits very similar behavior for both potentials, but
when we increase the coupling further than, say, 0.3, the
ISW effect strongly deviates from the uncoupled case.
In general, there is a wide parameter space that must
be investigated in order to constrain or rule out specific
models.
Clearly the observational spectra depend on the type of
coupling model but also on the specific potential and spe-
cific coupling function used. It would then seem rather
futile to try and distinguish these models from each other.
However, as we will show in a future work, it is possible to
parameterize the field equations by introducing all pos-
sible types of terms that can appear in a coupled theory
akin to the Parameterized Post-Friedmannian approach
of [65–67]. This would pave the way for a completely
model-independent approach to testing models of cou-
pled dark energy by reducing the large parameter space
of free functions and coupling types to a small set of con-
stants.
Our theories may be able offer a viable alternative to
ΛCDM. To confirm this a more detailed theoretical and
numerical analysis is required. We plan to present such
an analysis in a future work.
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